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 
Abstract—A new oscillator design based on a periodic, double 
ladder resonant degenerate circuit is proposed. The circuit 
exhibits a degenerate band edge (DBE) in the dispersion diagram 
of its phase-frequency eigenstates, and possesses unique resonance 
features associated with a high loaded Q-factor resonance, 
compared to a single ladder or a conventional LC tank circuit. 
This oscillator is shown to have an oscillation threshold that is half 
that of a single LC ladder circuit having the same total quality 
factor, and thus is more robust than an LC oscillator in the 
presence of losses. Moreover, the double ladder oscillators have a 
unique mode selection scheme that leads to stable single-frequency 
oscillations even when the load is varied. It is also shown that the 
output amplitude of the double-ladder oscillator is much less 
sensitive to the output loading compared to single-ladder 
oscillators. We show the analysis and design of such oscillators that 
potentially lead to enhancing the efficiency of RF components and 
sources. 
Index Terms— Degenerate band edge; Periodic circuits; 
Oscillations; Slow-wave structures. 
I. INTRODUCTION 
Oscillators are essential components of any radio frequency 
(RF) system. Typically, an RF oscillator operates via a positive 
feedback mechanism utilizing a gain device with a selective 
resonance circuit that generates a single tone used as the carrier 
frequency. Van der Pol topologies are among the most 
conventional oscillators utilized in RFs thanks to their 
simplicity of design and ease of integration [1]. Indeed, most 
voltage-controlled oscillators (VCOs) are designed based on an 
LC-tank circuit [2]. The negative conductance required for 
positive feedback can be obtained by simple circuit structures 
such as a cross-coupled transistor pair [2]. A negative 
conductance can be also obtained from other circuit topologies 
such as Pierce, Colpitts, and Gunn diode waveguide oscillators 
[3]–[5]. While used widely, all designs based on an LC-tank 
circuit have some important limitations; in particular, their 
performance largely depends on loading conditions. They often 
require one or more power-hungry buffer stages to terminate 
the signal to a low output impedance (often 50 Ω), which can 
be undesirable for low-power applications. 
 
 
 
Pursuing better performing RF and microwave sources is an 
important research avenue where novel principles of RF 
generation are currently being investigated [6]–[10]. Other 
designs may feature distributed [8], [11], coupled [12] or multi-
mode [6] oscillators. The focus of this paper is on a particular 
class of oscillators whose architecture features a repeating 
cascade of unit cells, each consisting of reactive components. 
One of the advantages of such a circuit is that its criteria for 
oscillation are more relaxed and its oscillation frequency is 
independent of loading, which will be discussed in Section II. 
In addition, the proposed circuit potentially offers 
a significantly more power-efficient way to terminate the 
output signal with low-impedance loads, as it does not need 
output buffer stages for the load termination.  In Section II we 
provide a brief description of the properties of single- and 
double- ladder circuits. In Section III we explore the resonance 
characteristics including the effect of losses of the double 
ladders. In Section IV we analyze the threshold conditions for 
oscillation by a negative differential resistance that can be 
realized by a cross-coupled differential CMOS transistor pair. 
In Section V we investigate time-domain behavior of the 
oscillators that includes the active device nonlinearity. In 
Sections II, III, and IV we assume that the circuits are operating 
in the sinusoidal steady-state so that all voltages and currents 
are represented by phasors. All the calculations in the paper, 
except for those in Section IV, are carried out using a formalism 
based on the four-dimensional state vector 
, (pertaining to Fig. 1(c)), and 
the corresponding 4×4 transfer matrix of a unit cell T as detailed 
in [13]. Time-domain simulations in Section IV are carried out 
using Keysight Advanced Design System (ADS).  
II. SINGLE- AND DOUBLE- LADDER CIRCUITS 
A. The Single-Ladder Circuit 
We consider a periodic resonant circuit made up of LC ladder 
cells connected in tandem. A simple example of such a cell, 
comprising a series inductor and a shunt capacitor, is shown in 
Fig. 1(a). Finite-length implementations of periodic circuits in 
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 2 
practice have many applications including filters, pulse shaping 
networks, and delay lines [14]–[16].  
Let us now suppose that the Fig. 1(a) ladder is of infinite 
length, is excited by a sinusoidal source with angular frequency 
 and is operating in the steady state. For this mode of 
operation all of the currents and voltages can be expressed as 
phasors; in particular, the phasor ratio V1(n+1)/V1(n) can be 
determined by simply finding the eigenvalues and eigenvectors 
of the transmission matrix describing the unit cell (note that 
these eigenvalues are not the same as the circuit’s natural 
frequencies; see Ch. 8 in [17]).  Moreover, it can be shown that 
for sufficiently low angular frequency  V1(n+1)/V1(n) has 
unity magnitude; i.e., all voltages and currents have the same 
amplitude, differing only by a fixed phase shift . 
Therefore, we define the eigenstates for a periodic circuit as the 
possible solutions of the eigenvalue problem describing the 
evolution of the voltages and currents from one cell to the next 
in the periodic circuit following the Bloch-Floquet theory (see 
Ch. 8 in [17], and also [18]). In general, each eigenstate is 
characterized by voltages and currents that from cell to cell vary 
as exp( )j , where j     is the complex phase shift 
from one unit cell to the next. 
The characteristic between the applied frequency and the 
phase shift between cells in an infinitely long periodic ladder is 
known as the dispersion relation.  For the Fig. 1(a) ladder, it 
can be shown that the eigenvalues of the transfer matrix [13], 
[17] are given by 
 
2 2
1 2 2 1j
g g g
e 
  
  

   
      
   
   
  (1) 
where  1/ LCg  . For ω = ωg, these eigenvalues have 
unity magnitude at which      and 0  . The 
corresponding dispersion relation is shown in the curve labeled 
regular band edge (RBE) in Fig. 1(b) at  1/ LCg  . (In this 
curve the range of principal values of the inverse tangent 
function used to obtain ( )   is chosen to be from 0 to 2, and 
only the dispersion of eigenstates for which 0   are plotted 
as conventionally done [17]). The angular frequency g, known 
as the band edge, defines the passband for the periodic circuit.  
At frequencies higher than g the eigenvalues will no longer 
have unity magnitude, and thus V1(n+1)/V1(n) will have both an 
attenuation factor and a phase shift. This range of frequencies 
corresponds to the stopband, and the condition is known as an 
evanescent state.  The dispersion of these states of phase near 
 behaves as    2g       .  
Note that in Fig. 1(b) at ω = ωg the two phase shifts 
corresponding to the eigenvalues in (1) coalesce into a single 
value.  This phenomenon is well-known in periodic structures 
that naturally exhibit an electromagnetic band gap [17]. In 
general, periodic structures composed of transmission lines or 
waveguides have been shown to demonstrate unique properties 
associated with “slow-light” properties near the band edge 
[18]–[21]. Such properties are associated with very high group 
delay near the band edge and consequently lead to enhancing 
the quality factor of resonators. Several applications has been 
investigated in lasers and high-power electron beam devices 
based on the band-edge operation [19], [22]–[24].  
B. The Double-Ladder Circuit 
The proposed oscillator in this paper is based on a periodic 
double-ladder circuit whose unit cell with four ports is shown 
in Fig. 1(c). Since each unit cell is a grounded four-port 
network, this circuit supports four eigenstates rather than two, 
as was the case for the unit cell in Fig. 1(a) [5], [25]. Under 
some particular choice of the circuit elements, at a certain 
frequency these four eigenstates coalesce at ,  
resulting in the so-called degenerate band edge (DBE) 
j(w)
g 
  0 
 
Fig. 1. (a) Unit cell of a periodic single-ladder lumped circuit; (b) dispersion 
diagram of the periodic single-ladder circuit that develops an RBE at an 
angular frequency ωg; (c) unit cell of a periodic double-ladder lumped 
circuit; (d) dispersion diagram of the periodic double-ladder circuit  that 
develops a DBE at an angular frequency ωd . Also, the asymptotic dispersion 
relation typical of DBE, , is plotted as square symbols.   
4
d a     
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condition [21], [26]–[28]. The four sets of voltage and currents 
associated with these eigenstates are no longer independent at 
this degeneracy point [13]. A DBE can only be found in double 
ladders since it represents the degeneracy of four eigenstates 
[13]. Near the DBE condition, the complex phase-frequency 
dispersion relation of these states is characterized by 
   
4
d a       where a is a geometry-dependent fitting 
constant, and was found analytically in [13]. 
For the circuit in Fig. 1(c), the DBE angular frequency is given 
by 1/d LC   while the characteristic impedance is 
/cZ L C   [13]. The theory of lumped circuits with DBE has 
been developed in [13], where different double-ladder circuit 
configurations composed of cascaded identical unit cells are 
studied.  The normalized dispersion diagram for the four-port 
periodic circuit with the proposed unit cell is depicted in Fig. 
1(d). At / 2g d     two of the eigenstates exhibit an 
RBE, similar to the dispersion of a single LC ladder. However, 
at  a DBE where all four states coalesce can be 
observed. For the circuit in Fig. 1(c) a value of a = 120 s-1 was 
used to fit the curve in Fig.1(d). To provide a practical 
implementation at RF frequencies values for capacitors and 
inductors are chosen from commercially available lumped 
elements whose Qe factor can exceed 500.  Namely, in the 
following the ladder circuit is composed of inductors and 
capacitors whose values are L = 45 nH and C = 56 pF, 
respectively. As a result, the circuit has a DBE frequency
and Zc = 28.3 Ω.  
III. RESONANCES OF PASSIVE DOUBLE LADDER CIRCUIT 
In this section, we consider double-ladder circuits as shown 
in Fig. 2(a) made by cascading a finite number N of unit cells 
shown in Fig. 1(c), and analyze their resonance characteristics 
related to the DBE. In particular, we first investigate important 
characteristics of passive double-ladder circuits, for which the 
effects of element losses on the transfer functions, loaded 
quality factor, and driving point admittance are explored in 
detail. These particular features allow for an unconventional 
way to construct oscillators. We also compare the double-ladder 
and single-ladder oscillators, while highlighting the advantages 
of the former, and demonstrate that single-ladder oscillators can 
operate based on multiple resonant modes and thus can generate 
multiple frequencies, while double-ladder oscillators can only 
oscillate at a single frequency.  
Another undesirable property of the single-ladder 
configuration is mode jumping, in which the frequency of 
oscillation changes with the load variation, as reported in the 
literature [6]. However, here we demonstrate that double ladder 
oscillators are not prone to load variations, thereby exhibiting a 
more stable oscillation frequency and lower threshold for 
oscillation as compared to a single-ladder implementation.  
 
 
   
 
Fig. 2. (a) Double LC ladder periodic circuit made of N unit cells operated near the DBE. P1 through P4 represent the four ports of the N-cell circuit; (b) circuit 
with excitation voltage Vin and source resistance of 50 Ω, and 50 Ω load at P3; (c) double-ladder oscillator with terminations and active device configuration (other 
configurations may have an active device in each unit cell).  
 
d 
 1/ 2 100.26MHzdf LC 
(a) 
(b) 
(c) 
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Fig. 3. The voltage transfer function between the upper output P3 and upper 
input P1 nodes of the circuit with terminations as shown in Fig. 2(b) for (a) 
different number of unit cells and no loss in the elements and (b) different 
quality factors for elements in an 8 unit cells resonator. The important 
resonance is the one close to d , denoted as ,r d . 
As shown in Fig. 2(a), every unit cell has four terminal 
nodes, each of which is identified by two indices: 𝑙 ∈ {1,2} 
denoting the upper or lower ladder, respectively, and 𝑛 ∈
{1,2, … , 𝑁} denoting the node location along the double 
ladder. As such, each cell’s terminal nodes in the Fig. 2(a) 
ladder will be referred to using the notation (l,n). When a 
double-ladder circuit composed of N cells is terminated at 
both ends by resistive loads, there will be several complex-
valued natural frequencies, corresponding to resonance 
modes. It can be shown that the imaginary part of the natural 
frequencies  near the DBE angular frequency  can be 
approximated by ,d r m   (m / N)
4  where m is a positive 
integer designating the resonance mode, observable from the 
peaks in Fig. 3 (similar to other periodic structures with DBE  
in [26], [29], [30]). We focus here on the closest resonance to 
the DBE corresponding to m = 1 with imaginary part ωr,1, 
since it is associated with an excitation of all the eigenstates 
supported by the periodic ladder (i.e., the four eigenvalues are 
nearly identical near the DBE as illustrated in Fig. 1(d)). To 
be consistent with [13] we will refer to this angular frequency 
as ωr,d throughout the rest of this paper. 
Characteristics of the DBE resonator have been discussed 
thoroughly in [16][21] and in particular double-ladder 
lossless circuit properties have been shown in depth in  [13]. 
Here, instead, we investigate in detail the effect of losses on 
the performance of the DBE resonator and how they are 
related to threshold criteria for oscillation and the 
performance on DBE-based oscillators in general.  
A. Transfer function 
As mentioned in the previous Section, the DBE resonance 
mode is associated with an excitation of all four eigenstates 
[26], [28], [29]. In this Section we assume, as shown in Fig. 
2(b), that the double ladder is terminated with 50at port 3, 
and with a voltage source Vin in series with 50 at port 1. The 
lower ladder is shorted to ground at ports 2 and 4. We first 
calculate the voltage transfer function  of this 
circuit for frequencies near the DBE, for N = 8, 10, and 12; 
the magnitudes of these transfer functions are shown in Fig. 
3(a).   As shown in [13], the DBE-related resonance peak at 
ωr,d in the double-ladder circuit exhibits the narrowest 
transmission peak compared to the other resonances, and its 
quality factor has been shown to scale as N5 [13]. As noticed 
previously [28],  near the DBE the group delay is very large 
as can be observed by the flat region of the dispersion 
diagram in Fig. 1(d), which corresponds to a  high quality 
factor even when the circuit is terminated by its characteristic 
impedance. (This impedance is the result of the chosen L and 
C for oscillation frequency at 100 MHz, as described in Sec. 
II.B.). Furthermore, as can be seen from Fig. 3(a), by 
increasing the number of unit cells the DBE resonance 
angular frequency ωr,d approaches the DBE angular 
frequency ωd.  However, when losses are introduced into each 
L and C in the circuit the ωr,d  resonance loaded quality factor 
significantly declines, compared to other resonances of the 
circuit.  In Fig. 3(b) the transfer function of the double ladder 
is depicted only for the resonance closest to the DBE for N = 
8. We assume that all elements have the same quality factor 
Qe for simplicity. Increasing losses beyond a certain limit 
deteriorates the DBE resonance, and the transfer function’s 
peak can completely vanish for sufficiently low Qe, as for the 
case with Qe = 200 in Fig. 3(b).  
Fig. 4 shows how voltage and current magnitudes at the 
angular frequency ωr,d vary throughout the circuit for Qe = 
400.  These voltages and currents are evaluated at the nth 
node, n = 1,2, …,8, in the finite double-ladder circuit in Fig. 
2(b). In Fig. 4(a) the voltage distributions on the lower 
transmission line (red) and the upper transmission line (blue), 
,r m d
1 1| ( ) / (0) |V N V
 
 
Fig. 4. (a) Voltage distribution corresponding to Qe = 400 in the upper 
ladder nodes and the lower ladder nodes of the circuit composed of 8 unit 
cells at the DBE resonance occurring at ωr,d; (b) current distribution in the 
upper ladder nodes and the lower nodes of the circuit composed of 8 unit 
cells. 
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are depicted; likewise, in Fig. 4(b) the current distributions 
for the upper and lower lines are plotted. It is interesting to 
note that both the voltage and current reach their peak 
magnitudes in the middle of the lower ladder; these 
magnitudes are approximately six times larger than those of 
the upper ladder, even when losses are present. On one hand, 
the reason for excitation of such voltage and current in the 
resonator is due to the excitation of all of the eigenstates of 
the periodic double ladder near the DBE condition, which is 
a general property of DBE resonators [26], [28]–[30]. On the 
other hand, the eigenstates of such particular periodic ladders 
have a voltage distribution that is mostly confined to the 
lower ladder, in the sense that the upper ladder nodes are 
essentially RF grounds; this is also true of the middle node in 
the lower ladder (node with l=2, n=4) [13]. The same 
behavior can be seen for the current distribution as well. 
Therefore, most of the energy stored in the resonator is 
confined in the lower ladder’s components.  
B. Total quality factor  
To provide a comprehensive analysis of the performance 
of the lossy resonator, we calculate the loaded quality factor 
 of the double ladder; i.e., the quality factor of the circuit 
including the resistive port terminations as well as the losses 
in the L and C components. This loaded quality factor 
associated to the resonance ,r d  is defined as [17] 
 tot ,
e m
r d
l
W W
Q
P


   (2) 
where We and Wm are the total time-average energy stored in 
the circuits in the capacitors and inductors, respectively, and 
Pl is the time-average power dissipated in the resistive t
erminations and in the components’ loss. In [13], the loaded 
quality factor of a lossless double ladder is thoroughly 
analyzed, and here instead we focus on the effect of 
component losses on Qtot. For the lossless case Qtot is 
proportional to  for large  as shown in [13] for this 
circuit and for other structures with DBE [28], [33], [34]. 
However, for the case when the reactive components are 
lossy, the loaded quality factor does not grow indefinitely as 
 but it is limited by the loss in the elements. Therefore, as 
seen in Fig. 5(a), the quality factor for the lossy cases grows 
exponentially only for small N, then declines and saturates for 
larger N. For Qe= 400, Qtot shows little variation with N since 
it is already very low. The effect of element losses limiting 
the loaded quality factor is further explored in Fig. 5(b), 
where we show  versus  for different values of N.  In 
this plot  increases linearly in and then tends to saturate 
due to the 50  port terminations. Note that, as discussed in 
[13], using a very high or very low impedance load may be 
attractive to enhance the Qtot of the resonator, but would 
reduce the amount of power available at the terminations. 
Therefore, the results here are calculated for 50 
terminations, as is commonly used in RF circuits.  
 
C. Driving point admittance Yin 
The most important characteristic for estimating the 
oscillation criteria is the driving-point impedance at the 
location where an active device will be connected in order to 
start the oscillation [2]. Because of the very large resonance 
voltage and current in the lower ladder relative to the DBE 
seen in Fig. 4, driving the lower ladder, especially near the 
middle of the resonator at the node denoted by (l,n)=(2, N/2) 
with a negative conductance, would have the greatest impact 
in compensating the effect of losses in the circuit to achieve 
oscillation. Note that in other circuit configurations, the same 
totQ
5N N
5N
totQ eQ
totQ
 
 
Fig. 5. (a) Loaded quality factor, , versus number of unit cells for 
different element quality, as well as the lossless theoretical limit. (b) 
Loaded quality factor, , versus element quality factor for different 
number of unit cells. 
 
totQ
totQ
 
Fig. 6. Magnitude of admittance near the DBE throughout the different 
nodes of the double ladder circuit for (a) N = 8 unit cells and (b) N = 16 
unit cells. Square symbols denote the resonance frequency ωr,d  at which 
Im(Y2(n)) = 0. 
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analysis is necessary to predict the location of the peak 
voltage and consequently the driving point. To provide a 
meaningful assessment of the oscillation threshold, we 
consider a single-ended loading scheme in which port 3 is 
terminated by 50 load, while ports 1, 2 and 4 are terminated 
by a short circuit as shown in Fig. 2(c).  
In Fig. 6 we show the magnitude of the driving-point 
admittance versus normalized frequency at the three middle 
nodes of the circuit for N=8 and N=16 unit cells (i.e., nodes n 
= 4,5,6 and n = 8,9,10, respectively, with l=2). Both lossless 
and lossy elements with , are considered. From the 
results shown in Fig. 6 it can be seen that the lower ladder’s 
node in the 5th and 9th unit cell, corresponding to N=8 and 
N=16 respectively, exhibit the lowest input admittances; thus 
they constitute the appropriate driving points for both 
configurations. It can also be seen from Fig. 6 that as the 
number of cells increases, the trend for the input admittance 
is different for the lossy and lossless circuit. 
When N increases from 8 to 16, the admittance decreases 
by 50% for the lossless case (dashed lines in Fig. 6), while it 
increases by 40% for the case with Qe = 400 (solid lines). 
(Note that the minimum value of the admittance’s magnitude 
does not exactly correspond to the resonance condition at 
which Im(Yin)=0); the resonance angular frequency ωr,d  is 
indicated in Fig. 6 with a square symbol. 
To realize an oscillator, we use the circuit shown in Fig. 
2(c), which shows all of the port terminations and the 
placement of the active device, and plot the magnitude and 
the real part of the input admittance at resonance for an 8-cell 
double-ladder   circuit as a function of the loaded quality 
factor of elements, shown in Fig. 8. It can be observed that 
the admittance rapidly decreases as Qe increases, and 
saturates after some value (for Qe < 2000, we have Re(Y2)=0.2 
mS). Thus, selecting elements with very high Qe is not 
necessary when constructing an oscillator since the applied 
negative resistance value required for oscillation will be only 
slightly higher in magnitude. (To compare these 
characteristics with those of a single LC ladder filters, we 
refer the reader to [6], [15], [16] for filtering characteristics 
of a single ladder, as well as for the scaling of the quality 
factor of regular band edge resonators.)  
It is very important to point out the DBE oscillator could 
operate in two different ways. One would be by applying an 
active device to each unit cell. This could be done by using a 
set of differential cross-coupled pairs, for instance. Thus 
working near the DBE would not only provide for good 
conditions for the driving point admittance, but would also 
provide nearly 180º phase shift from one cell to the next such 
that a cross-coupled pair between two cells would guarantee 
fully-differential operation. The other way would be to 
connect just one single-ended active device (such as those in 
[35], [36], for example) which we investigate next.  
IV. ACTIVE DOUBLE LADDER CIRCUIT 
   In this section, we investigate the oscillation condition of 
the double-ladder circuit and compare some of the important 
characteristics of oscillations of the proposed double-ladder 
oscillator to a single-ladder-based oscillator. For purposes of 
the comparison, we will use the same number of cells in both 
structures. The proposed oscillator is composed of a double 
ladder terminated by a single-ended resistive load in the upper 
ladder end as seen in Fig. 2(c) (as described in Section II.C), 
while the active device (a single-ended negative resistance) is 
attached to the driving point. As in most LC-based oscillators, 
the conditions for oscillation are formulated using the 
Barkhausen criteria for the feedback system [2], [37]. In our 
case with the double-ladder circuit, the resulting oscillation 
frequency is not exactly the same as  or fr,d due to the 
possible nonlinearities of the active device, but when 
increasing the number of unit cells, those two frequencies 
almost coincide as well as the oscillation frequency. 
An active device used to induce oscillations can be 
characterized by its operating I-V curves. A negative 
resistance can be practically implemented by CMOS 
transistors or diodes and an example for a third-order I-V 
characteristic is shown in Fig. 8, which utilizes the following 
equation: 
 , (3) 
where   is the slope of the I-V curve in the negative 
resistance region, and  is the third-order nonlinearity 
constant that models the saturation characteristic of the 
device. (It is this saturation characteristic that determines the 
steady-state oscillation amplitude.)  To realize a constant dc 
voltage-biased active device we choose the turning point Vb 
of the I-V characteristics to be constant under different 
biasing levels. In particular, we set , as shown 
in Fig. 8.  We also assume that the capacitances in the ladder 
are much larger than any parasitic capacitance associated 
with the negative resistance device. Calculations are carried 
out using ADS transient solver. 
A. Starting oscillation conditions 
Conditions for instability that lead to oscillation are found 
using the pole-zero analysis of the linearized circuit [2]. For 
simplicity, we consider the complex poles of the voltage 
transfer function of the double-ladder circuit. In general, the 
transfer function between the Port 1 and Port 3 voltages, i.e., 
V1(N) / V1(0), can be written as:  
 1 1 2
1 1 2
( ) ( )( ) ( )
(0) ( )( ) ( )
M
L
V N s z s z s z
K
V s p s p s p
  

  
, (4) 
where 𝑧𝑖 , with 𝑖 = 1,2, … , 𝑀 and 𝑝𝑘 , with 𝑘 = 1,2, … , 𝐿 are 
the complex zeros and poles, respectively of the system.   
These poles and zeros, together with the gain constant K, 
400eQ 
df
3
mI g V V  
mg

2/ (3 )m bg V 
 
Fig. 7. Magnitude of the driving point admittance at the resonance 
angular frequency ωr,d  versus quality factor of elements for N = 8 cell 
double ladder resonator. 
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Fig. 8. IV Characteristic for the active device  in which
, that exhibits small-signal negative resistance. 
 completely characterize the small-signal behavior of the 
circuit. In our case, we are most interested in the pair of 
complex-conjugate poles that is the closest to the DBE 
frequency. The pole configurations for both a double-ladder 
and a single-ladder circuit are shown in Fig. 9, for the load 
configuration discussed above.  By increasing the loss in the 
elements of the circuit, the pair of poles closet to the DBE 
(shown in the inset of Fig. 9) will recede from the imaginary 
axis into the left-half plane, which can result in a decrease of 
the peak amplitude of the voltage transfer characteristic. 
Applying a negative transconductance across the appropriate 
nodes of the circuit will pull the poles associated with the 
DBE toward the right-half plane. Since the (l,n)=(2, N/2) 
node of a circuit has the lowest driving-point admittance, we 
attach the active device to that node and investigate the 
minimum transconductance  needed to start the 
oscillation as follows.  
 
 
Fig. 9. Pole-zero configuration of the transfer function near imaginary axis 
for single-ladder and double-ladder circuits where for N=8 and lossless 
elements. 
 
Fig. 10 shows how adding negative resistance to the circuit 
affects the real part of the poles near the DBE. For each circuit 
the value of gm,min corresponds to when this real part is zero. 
Increasing gm beyond this threshold allows oscillations to 
start up.  In Fig. 10 the trajectory of the poles near the DBE 
is shown as a function of gm. We plot the real part of the 
conjugate poles near the DBE frequency for two cases:  In the 
first (Fig. 10(a)), the negative  is placed in all unit cells of 
the periodic circuit; in the second (Fig. 10(b)), it is applied 
only to the 5th unit cell. It can be observed that by increasing 
the value of  the real part of the poles goes from negative 
to positive, which indicates that the pole has crossed the 
imaginary axis in the s-plane to the right half-plane (RHP).  
 
Fig. 10. Real part of the poles near DBE frequency varying as a function of 
 for single-ladder and double-ladder circuits where N=8 unit cells. The 
right panel plot is zoom-in showing where poles transitions into the unstable 
region.  
Moreover, when we compare the double ladder with a single  
ladder, we can see from Fig. 10 that the double ladder 
possesses a lower threshold. 
B. Transconductance parametrization 
As previously discussed, a good estimate for the  needed 
to cancel losses and start oscillation is to measure the input 
admittance at a node where a negative conductance is to be 
inserted. From Fig. 6, Yin of the 5th cell is approximately 1.2 
mS. Fig. 11 shows the minimum magnitude of the 
transconductance versus the number of cells of the double 
ladder.   
 
The lossless double ladder’s threshold follows the same trend 
as its quality factor varying as a function of length; i.e., since 
 the double ladder’s threshold  
when the active device is attached to every cell.  In addition, 
it can be observed that when the active device is connected 
only to the middle cell, the threshold is higher and its trend 
versus N is fitted to . This is a remarkable 
feature of DBE resonators in general as compared to single-
ladder oscillators in which scaling is  when 
active devices are connected to each cell [16]. When element 
losses are considered here with Qe = 400, the minimum gm 
increases from the lossless case, particularly for large N. 
However, we see that for large N the threshold saturates, 
which is a consequence of the saturation feature of Qtot factor 
versus Qe seen previously in Fig. 5(a).  
To provide a meaningful comparison we compare the 
threshold  at the (l,n)=(2, N/2)  node only, varying as 
a function of the Qe as well as Qtot. For all of the remaining 
simulations, the driving point for negative resistance is set to 
be the (N/2+1)th  cell. It is shown in Fig. 12 that for a given 
Qtot, the double ladder exhibits a lower oscillation threshold 
than the single ladder.  
Moreover, when comparing the threshold versus the 
element Qe, the double ladder shows a lower threshold even 
for a relatively low element Qe <100. The reason for the better 
behavior of the double ladder is that it features a fourth-order 
degeneracy. This implies that the circuit characteristics are 
more sensitive to perturbation in loss or gain, as in this case, 
compared to standard circuits or to a single ladder with a 
3
mI g V V  
a = g
m
/ (3V
b
2)
,minmg
mg
mg
mg
mg
5
totQ N
5
,min 1/mg N
3.75
,min 1/mg N
3
,min 1/mg N
,minmg
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second-order degeneracy like the RBE. Fig. 12 shows how 
 
Fig. 11. Minimum  (to start oscillations) scaling versus number of unit 
cells N for the double ladder oscillator. The plot also shows for the lossless 
case a trend corresponding to . 
the threshold transconductance varies as a function of Qe for 
a double ladder and single ladder of two different sizes N = 8 
and N = 16.  We can see that for a low element quality factor, 
the 8-cell double-ladder circuit has the lowest threshold, for 
Qe>100. Furthermore, the single ladder of 16 cells has a 
higher threshold than all other configurations, which 
indicates indeed that a double ladder has an improved 
characteristic compared to a single ladder. This is a novel 
phenomenon that could be further investigated in order to 
enhance the efficiency of microwave oscillators. 
 
V. THE DOUBLE LADDER OSCILLATOR 
Here we study the time-domain response of the proposed 
double ladder oscillator (DLO). The transient behavior of this 
oscillator is simulated using Keysight ADS. The I-V 
characteristics of the active device was modeled as in (3) with 
Vb = 1 V. Fig. 14(a) shows one of the main advantages of the 
double ladder circuit over a single ladder:  An 8-cell double 
ladder circuit requires 30% less  than an 8-cell single 
ladder and 57% less  than a 16-cell single-ladder for the 
circuit to oscillate. In addition, Fig. 14(b) shows the steady-
state output voltage amplitude for single and double ladder 
oscillators (both made of 8 unit cells) versus . The double-
ladder oscillator produces higher load voltage amplitudes, in 
comparison to the single ladder counterpart, for small gm 
(above threshold) up to = 2.02 mS, thus again showing 
potential advantages of low threshold oscillations, 
specifically in applications requiring low power 
mg
5
,min 1/mg N
mg
mg
mg
mg
 
Fig. 12. Minimum  (to start oscillations) versus different values for 
(a) quality factor Qe of elements, and versus (b) total Qtot , for double and 
single ladder oscillators. 
mg
 
Fig. 13. Minimum gm varying as a function of the element quality factor 
for double ladders and single ladders of two different sizes N = 8 and N 
= 16. 
 
 
Fig. 14. (a) Transient load voltage for three different cases of single-
ladder and double-ladder oscillators in comparison. (b) Steady-state 
output voltage amplitude for different values of gm comparing single and 
double ladders with N= 8 unit cells. 
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consumption.  
The average steady-state power delivered to the load of 
the double-ladder circuit is depicted in Fig. 15 for three 
different values of  as a function of the load resistance. 
We observe that the power delivered to the load peaks at the 
minimum of the loaded quality factor of the lossless circuit. 
This happens at the characteristic impedance of the double 
ladder, which for this circuit is . 
Another advantage of the double-ladder oscillator is 
demonstrated in terms of the sensitivity of the oscillation 
frequency versus variation in the load. Typically, the 
oscillation amplitude decreases (and for some cases the 
oscillator may not even operate) when the output termination 
resistance is changed from its nominal value.   For this reason, 
often the output buffer stages for LC oscillators are needed to 
stabilize it against those variations. Moreover, single-ladder 
oscillators have been shown to demonstrate mode jumping 
where the oscillation frequency and mode of operation 
changes for various loads (see for example the analysis in [6], 
and the explanation of  this behavior in  [13] near the band 
edge). To demonstrate this effect in ladder oscillators, the 
steady-state load voltage calculated from transient 
simulations varying as a function of load is considered. The 
spectrum of the load voltage is then calculated by applying a 
windowed Fourier transform (rectangular window with width 
of 1 s) on the saturated voltage waveform.  
The single-ladder load voltage spectrum versus the load 
resistance, for gm = 3 mS and Qe = 400 with N = 8, is shown 
in Fig. 16(a).  From this spectrum it can be seen that the 
oscillation frequency jumps from the desired frequency near 
the RBE of the single ladder (~100 MHz) to a lower 
frequency (~87 MHz) for sufficiently high load impedance.  
Moreover, this circuit does not oscillate for impedances 
below 1000 Ω. Indeed, the single ladder threshold for 50 Ω 
calculated in Fig. 12 confirms that gm = 3 mS is below the 
threshold for such a load. In contrast with the double-ladder 
oscillator with N = 8 and Qe = 400 the oscillation frequency 
is independent of the variation for the load resistance as seen 
from Fig. 16(b). Such a remarkable feature of DBE-based 
oscillators indicates the stability against load pulling. 
Moreover, the single ladder exhibits multimode oscillation at 
particular load values (for instance at 3 kΩ the single ladder 
oscillator can oscillate at both 0.99 ωd and 0.88ωd) while the 
double ladder oscillates at only a single frequency at 
~0.995ωd demonstrating the unique mode selection scheme 
of double ladders. Moreover, the double ladder oscillators 
also generate the same oscillation frequency for higher values 
of gm. These properties can also be observed when the load 
has a reactive component.  
VI. CONCLUSION AND REMARKS 
  A novel oscillator design, based on a periodic double-
ladder circuit, has been presented in which a degenerate band 
edge (DBE) condition occurs. The passive behavior of the 
double-ladder resonator has been analyzed by considering the 
quality factor scaling over size and effects of loss. It has been 
shown that the conditions for oscillation are relaxed for the 
double-ladder as compared to the single-ladder circuit, thus 
allowing lower power dissipation from the negative 
conductance circuit that is required. Moreover, the stability 
of the oscillation frequency in the presence of variation in the 
load impedance has been shown to not exhibit mode-jumping 
behavior that can be observed in single ladders. This 
advantage can result in less power consumption for the active 
elements.  
Comparison between the proposed double-ladder oscillator 
and a conventional LC-tank oscillator circuit will be carried 
out in the future that would account for phase noise, power 
consumption and other practical aspects. Because lumped 
elements are generally lossy and occupy large areas, 
implementing the double ladder in microstrip or waveguides 
circuits at microwave frequencies poses a potential 
LP
mg
/ 28.3L C  
 
Fig. 15. (a) Average steady state power delivered to the load versus loading 
RL, for Qe = 400. (b) Minimum loaded quality factor corresponding to the 
lossless and lossy double ladder resonator. 
 
 
Fig. 16. Spectrum of load voltage  for (a) double ladder 
oscillator and (b) single ladder oscillator varying as a function of the load 
resistance RL, for gm= 3 mS, with Qe = 400.  
20log ( )LV f
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improvement over conventional microwave sources designs. 
Another aspect for oscillator design is phase noise, in which 
double ladder oscillator topologies may offer potential 
advantages compared to conventional LC tank. Accordingly, 
DBE-based oscillator design can also avoid the need for 
stages of power-hungry current-mode logic buffers to reach 
acceptable oscillation amplitude at the low impedance 
termination. 
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